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Gauge-invariant field-strength correlators for QCD in a magnetic background
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We consider the properties of the gauge-invariant two-point correlation functions of the gauge-field
strengths for QCD in the presence of a magnetic background field at zero temperature. We discuss
the general structure of the correlators in this case and provide the results of an exploratory lattice
study for Nf = 2 QCD discretized with unimproved staggered fermions. Our analysis provides
evidence for the emergence of anisotropies in the non-perturbative part of the correlators and for
an increase of the gluon condensate as a function of the external magnetic field.
PACS numbers: 12.38.Aw,11.15.Ha,12.38.Gc
I. INTRODUCTION
The study of strong interactions in the presence of
strong magnetic fields has attracted an increasing interest
in the last few years (see, e.g., Ref. [1]). This is justified
by the great phenomenological relevance of the issue: the
physics of some compact astrophysical objects, like mag-
netars [2], of non-central heavy ion collisions [3–7] and of
the early Universe [8, 9] involve the properties of quarks
and gluons in the presence of magnetic backgrounds go-
ing from 1010 Tesla up to 1016 Tesla (|e|B ∼ 1 GeV2).
The study is also interesting from a purely theoretical
point of view, since it reveals new non-perturbative fea-
tures of non-Abelian gauge theories.
One emerging feature is that gluon fields, even if not
directly coupled to electromagnetic fields, can be signif-
icantly affected by them. This is not unexpected, since
effective QED-QCD interactions, induced by quark loop
contributions, can be important, because of the non-
perturbative nature of the theory [10–26]. In particular,
a uniform magnetic background is expected to lead to
gluon-field anisotropies [10, 11, 16, 22], which may also
have phenomenological implications. This has been con-
firmed by various lattice QCD studies [27–34]. In par-
ticular, anisotropies have been observed in various pure
gauge quantities, like the average plaquettes taken in dif-
ferent planes [30, 31] and the static quark-antiquark po-
tential [35], with possible effects on the spectra of heavy
quark bound states [36].
In the present study, looking for a more systematic
analysis of the non-perturbative vacuum modifications
induced by the magnetic field, we consider the gauge-
invariant two-point field-strength correlators (see Ref.
[37] for a complete review on this subject), which are
defined as
Dµρ,νσ(x) = g
2〈Tr[Gµρ(0)S(0, x)Gνσ(x)S
†(0, x)]〉, (1)
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where Gµρ = T
aGaµρ is the field-strength tensor, T
a are
the SU(3) generators in the fundamental representation,
and S(0, x) is the parallel transport from 0 to x along a
straight line (Schwinger line), which is needed to make
the correlator gauge invariant. Such correlators have
been first considered, together with analogous correlators
involving fermionic fields, to take into account the non-
uniform distributions of the vacuum condensates [38–41].
Then, they have been widely used to parametrize the
non-perturbative properties of the QCD vacuum, espe-
cially within the framework of the so-called Stochastic
Vacuum Model [42–44], since they represent the leading
(Gaussian) term in the cumulant expansion. Gluon-field
correlators have been also exploited as a tool to explore
the response of the QCD vacuum to external magnetic
fields [25, 45], however this has usually been done by con-
sidering the unmodified correlators, i.e. computed at zero
magnetic field. The question that we approach here is dif-
ferent: how are the zero-temperature correlators them-
selves modified by the background field?
A first issue to be considered regards the symmetry
properties and the associated parametrization of the cor-
relators. In the vacuum and in the absence of external
sources, Lorentz symmetry implies a simple form for the
two-point functions in Eq. (1), which can be expressed in
terms of two independent scalar functions of x2, which
are usually denoted by D(x2) and D1(x
2) [42–44]:
Dµρ,νσ(x) = (δµνδρσ − δµσδρν)
[
D(x2) +D1(x
2)
]
(2)
+(xµxνδρσ − xµxσδρν + xρxσδµν − xρxνδµσ)
∂D1(x
2)
∂x2
.
The presence of a uniform external field breaks Lorentz
symmetry explicitly, so that such a parametrization is
not justified any more, especially in the light of the al-
ready observed propagation of symmetry breaking from
the electromagnetic to the gluon sector. Therefore in
Section II, on the basis of the residual symmetries of the
theory, we discuss what is the form the correlators can
take in this case.
Then, in Section III, we present an exploratory lattice
determination of the gluon-field correlators in a magnetic
field which is performed for Nf = 2 QCD, discretized by
means of unimproved staggered fermions, and exploits
2cooling as a technique to smooth out ultraviolet fluctu-
ations. Numerical results will be analyzed, within the
parametrization proposed in Section II, in order to clar-
ify which properties of the gluon correlators are mostly
affected by the presence of the magnetic field. The anal-
ysis will then focus on a quantity of phenomenological in-
terest which can be extracted from the gluon correlators,
the so-called gluon condensate. Finally, in Section IV, we
draw our conclusions.
II. FIELD CORRELATORS IN A CONSTANT
MAGNETIC BACKGROUND
As we have already emphasized in the Introduction,
the presence of an external field breaks Lorentz symmetry
(SO(4) symmetry in the Euclidean space), so that the
most general parametrization is more complex than the
one reported in Eq. (2). Let us discuss this point in more
detail.
The required general symmetry properties for the cor-
relator in Eq. (1) are that it be left unchanged under ex-
change of the µρ and νσ pairs, and antisymmetric both in
the µρ and in the νσ indices, i.e. we can write in general
Dµρ,νσ =
∑
n
fnT
(n)
µρ,νσ, (3)
where:
i) T
(n)
νσ,µρ = T
(n)
µρ,νσ, and ii) T
(n)
ρµ,νσ = T
(n)
µρ,σν = −T
(n)
µρ,νσ.
A class of tensors satisfying such properties is written as
T (A,B)µρ,νσ ≡ AµνBρσ −AρνBµσ −AµσBρν +AρσBµν , (4)
where Aµν and Bµν are two rank-2 tensors which are
both symmetric (Aνµ = Aµν , Bνµ = Bµν) or both anti-
symmetric (Aνµ = −Aµν , Bνµ = −Bµν).
In the absence of external background fields, there are
only two available rank-2 tensors, which are symmetric
and can be constructed in terms of the metric tensor
gµν = δµν and of the four-vector xµ: they are δµν itself
and xµxν , so that the most general parametrization reads
as in Eq. (2):
Dµρ,νσ = f1T
(1)
µρ,νσ + f2T
(2)
µρ,νσ, (5)
where
T (1)µρ,νσ ≡
1
2T
(δ,δ)
µρ,νσ = δµνδρσ − δµσδρν ,
T (2)µρ,νσ ≡ T
(xx,δ)
µρ,νσ = xµxνδρσ − xµxσδρν
+ xρxσδµν − xρxνδµσ, (6)
(T (xx,xx) = 0 by construction), while f1 ≡ D + D1 and
f2 ≡
∂D1
∂x2
(or, equivalently, D and D1) are two scalar
functions of x2.
In the presence of an external background field Fµν ,
instead, many additional rank-2 tensors appear, both
antisymmetric (like Fµν itself or Hµν ≡ hµxν − hνxµ,
where hµ ≡ Fµνxν) and symmetric (like F
(2)
µν ≡ FµαFαν
or Mµν ≡ pµxν + pνxµ, where pµ ≡ F
(2)
µν xν =
Fµαhα). Correspondingly, many more terms appear in
the parametrization in Eq. (3), with new rank-4 tensors
like 12T
(F,F )
µρ,νσ , T (F,H), T (δ,F
(2)), T (xx,F
(2)), T (δ,hh), T (δ,M)
and so on. Moreover, for a magnetic field directed along
the z axis, the coefficients fn will depend separately on
x2 + y2 and on z2 + t2, because of the breaking of the
Euclidean SO(4) symmetry. All that makes a numerical
analysis based on the more general parametrization (3)
of the correlator quite involved and not easily affordable.
On the other hand, in our present investigation on the
lattice, we shall consider only correlators of the kind
Dµν,ξ(d) ≡ Dµν,µν (x = dξˆ), (7)
where the two plaquettes are parallel to each other and
the separation x is along one (ξˆ) of the four basis vec-
tors of the lattice [xˆ = (1, 0, 0, 0), yˆ = (0, 1, 0, 0), zˆ =
(0, 0, 1, 0), tˆ = (0, 0, 0, 1)]. These amount, in general,
to 24 different correlation functions. Without any addi-
tional external field, the symmetries of the system group
these 24 correlators into two equivalence classes, usually
denoted (as in [46]) D‖ (when ξ = µ or ξ = ν ) and D⊥
(when ξ 6= µ and ξ 6= ν), with
D‖ = D +D1 + x
2 ∂D1
∂x2
,
D⊥ = D +D1. (8)
The dependence of the correlators on the distance d, in
the case of zero external field, has been directly deter-
mined by numerical simulations on the lattice in [46–50]:1
the functions D and D1 have been parametrized in the
form
D =
a0
d4
+A0e
−µd,
D1 =
a1
d4
+A1e
−µd, (9)
where the terms ∼ 1/d4 are of perturbative origin and
are necessary to describe the short distance behavior of
the correlators, while the exponential terms represent the
non-perturbative contributions. In particular, the coeffi-
cients A0 and A1 can be directly linked to the gluon con-
densate of the QCD vacuum (see Eq. (20) below), while
the correlation length 1/µ, which sets the scale of the
spatial variations of the non-perturbative vacuum fluctu-
ations, governs the effect of the condensate on the levels
of QQ¯ bound states [38–41], and, moreover, it enters the
description of various QCD vacuum models [42–44]. In
Refs. [47, 48], the perturbative-like terms had the form
∼ e−µad/d4: in the present work, instead (following what
1 In another approach [51], the correlators have been extracted
from lattice calculations of the heavy-quark potential, by
analysing field-strength insertions into a Wilson loop under the
assumption of factorisation, as in the Stochastic Vacuum Model.
3was done also in Ref. [50]), we have neglected the expo-
nential term e−µad, by fixing µa = 0, since, in the spirit
of the Operator Product Expansion, we will concentrate
on the behavior of the correlators at short distances. In
terms of the quantities D‖ and D⊥ defined in Eq. (8), the
parametrization (9) reads:
D‖ =
[
A0 +A1
(
1−
1
2
µd
)]
e−µd +
a0 − a1
d4
,
D⊥ = (A0 +A1) e
−µd +
a0 + a1
d4
. (10)
In the presence of a constant and uniform magnetic
field ~B oriented along the z axis, i.e. Fxy 6= 0, the SO(4)
Euclidean symmetry breaks into
SO(2)xy ⊗ SO(2)zt. (11)
By virtue of this residual symmetry (which implies two
equivalence relations, one between the two transverse di-
rections xˆ ∼ yˆ and another between the two longitudinal
[or: “parallel”] directions zˆ ∼ tˆ), the 24 correlation func-
tions in Eq. (7) are grouped into 8 equivalence classes,
as shown in Table I. It must be noted that we can also
Class Name Elements (µν, ξ)
Dtt,t‖ (12,1) , (12,2)
Dtt,p⊥ (12,3) , (12,4)
Dtp,t‖ (13,1) , (14,1) , (23,2) , (24,2)
Dtp,p‖ (13,3) , (14,4) , (23,3) , (24,4)
Dtp,t⊥ (13,2) , (14,2) , (23,1) , (24,1)
Dtp,p⊥ (13,4) , (14,3) , (23,4) , (24,3)
Dpp,t⊥ (34,1) , (34,2)
Dpp,p
‖
(34,3) , (34,4)
TABLE I: The 8 equivalence classes of linearly independent
correlation functions in which the 24 components of the cor-
relator Dµν,ξ, defined in Eq. (7), can be grouped. The super-
scripts t, p stand respectively for the xˆ, yˆ (transverse to ~B)
directions and for the zˆ, tˆ (“parallel” to ~B) directions.
group the 8 correlation functions in Table I into 3 “over-
classes”, by the plaquette indices µ and ν:
Dtt = {Dtt,t‖ ,D
tt,p
⊥ },
Dtp = {Dtp,t‖ ,D
tp,p
‖ ,D
tp,t
⊥ ,D
tp,p
⊥ }, (12)
Dpp = {Dpp,t⊥ ,D
pp,p
‖ }.
In other words, the 24 correlation functions in Eq. (7)
can be written, using the parametrization in Eq. (3),
as linear combinations of eight linearly independent ten-
sors T (n), e.g., the two fundamental tensors in Eq. (6)
plus six other linearly independent tensors among those
listed below Eq. (6), with eight (non-zero) independent
functions fn. (For these particular correlators, the con-
tribution from any other possible tensor will be i) sim-
ply zero, or ii) a linear combination of the first eight
independent tensors.) Now the question is: how should
we parametrize the eight independent functions fn, or,
equivalently, their eight linear comnbinations which rep-
resent the eight functions listed in the first column of
Table I? We shall use for these eight functions the fol-
lowing parametrization (which is a simple generalization
of the parametrization (10) used in the B = 0 case):
Dtt,t‖ =
[
Att0 +A
tt
1
(
1−
1
2
µtt,td
)]
e−µ
tt,td +
att,t‖
d4
,
Dtt,p⊥ = (A
tt
0 +A
tt
1 )e
−µtt,pd +
att,p⊥
d4
,
Dtp,t‖ =
[
Atp0 +A
tp
1
(
1−
1
2
µtp,td
)]
e−µ
tp,td +
atp,t‖
d4
,
Dtp,p‖ =
[
A˜tp0 + A˜
tp
1
(
1−
1
2
µtp,pd
)]
e−µ
tp,pd +
atp,p‖
d4
,
Dtp,t⊥ = (A
tp
0 +A
tp
1 )e
−µtp,td +
atp,t⊥
d4
,
Dtp,p⊥ = (A˜
tp
0 + A˜
tp
1 )e
−µtp,pd +
atp,p⊥
d4
, (13)
Dpp,t⊥ = (A
pp
0 +A
pp
1 )e
−µpp,td +
app,t⊥
d4
,
Dpp,p‖ =
[
App0 +A
pp
1
(
1−
1
2
µpp,pd
)]
e−µ
pp,pd +
app,p‖
d4
,
where the dependence of the various parameters on B
is understood and will be discussed in the next section
on the basis of the numerical results obtained by lat-
tice simulations of Nf = 2 QCD. Similar investigations
exploring cases of broken Euclidean SO(4) symmetry,
like the finite-temperature case [50], show that the non-
perturbative coefficients A0 and A1 are the quantities
showing the most significant variation; however, in prin-
ciple, both the perturbative and the non-perturbative co-
efficients, as well as the correlation length, might depend
on the particular correlator class and on the value of
the magnetic field. The only assumption that can and
will be made apriori consists in the following constraint:
A˜tp0 + A˜
tp
1 = A
tp
0 +A
tp
1 , meaning that, at d = 0, the non-
perturbative part of the correlation functions belonging
to the same “over-class”, as defined by (12), have the
same value. When B = 0, the non-perturbative coeffi-
cients A0, A1 and µ no more depend on he particular
correlator class and, moreover, att,t‖ = a
tp,t
‖ = a
tp,p
‖ =
app,p‖ ≡ a‖ and a
tt,p
⊥ = a
tp,t
⊥ = a
tp,p
⊥ = a
pp,t
⊥ ≡ a⊥, so
that the eight functions in Eq. (13) reduce to the two
functions D‖ and D⊥ in Eq. (10), with a‖ ≡ a0 − a1 and
a⊥ ≡ a0 + a1.
III. NUMERICAL INVESTIGATION AND
DISCUSSION
We have consideredNf = 2 QCD discretized via unim-
proved rooted staggered fermions and the standard pla-
quette action for the pure-gauge sector. The background
4magnetic field couples to the quark electric charges and
its introduction corresponds to a modification of the
Dirac operator: in the continuum an appropriate elec-
tromagnetic gauge field Aµ must be added to the covari-
ant derivative, corresponding to additional U(1) phases
entering the elementary parallel transports in the dis-
cretized lattice version. For a magnetic field B = Bzˆ the
functional integral reads
Z ≡
∫
DUe−SG detM
1
4 [B, qu] detM
1
4 [B, qd] , (14)
Mi,j [B, q] = amδi,j +
1
2
4∑
ν=1
ηi,ν
(
u(B, q)i,νUi,νδi,j−νˆ
− u∗(B, q)i−νˆ ,νU
†
i−νˆ,νδi,j+νˆ
)
. (15)
where SG is the gauge plaquette action, qu = 2|e|/3 and
qd = −|e|/3 (|e| being the elementary charge) are the
quark electric charges, i and j refer to lattice sites and
ηi,ν are the staggered phases.
The Abelian gauge field Ay = Bx and Aµ = 0 for
µ = t, x, z, which is a possible choice leading to B = Bzˆ,
is discretized on the lattice torus (we assume periodic
boundary conditions in the spatial directions) as
ufi; y = e
ia2qfBix , ufi;x|ix=Lx
= e−ia
2qfLxBiy (16)
with ufi;µ = 1 elsewhere, while periodicity constraints
impose to quantize B as follows [52–54]
|e|B = 6πb/(a2LxLy) ; b ∈ Z . (17)
The correlator in Eq. (7) has been discretized through
the following lattice observable [46]
DLµν,ξ(d) =
〈
Tr
{
Ω†µν(x)S(x, x + dξˆ) (18)
Ωµν(x+ dξˆ)S
†(x, x + dξˆ)
}〉
where Ωµν(x) stands for the traceless anti-Hermitian
part of the corresponding plaquette. In order to re-
move ultraviolet fluctuations, following previous studies
of the gauge-field correlators, a cooling technique has
been used [55, 56] which, acting as a diffusion process,
smooths out short-distance fluctuations without touch-
ing physics at larger distances: for a correlator at a given
distance d, this shows up as an approximate plateau in
the dependence of the correlator on the number of cooling
steps, whose location defines the value of the correlator.
In Fig. 1, the effect of cooling on the correlation function
is shown for one particular explored case: the value of
the correlation function is taken at the maximum, and
the error is assumed as the independent sum of a statis-
tical error and systematic error due to the uncertainty in
the determination of the plateau, estimated as the differ-
ence between the value at the maximum and the mean
of the two neighbouring points at the plateau.
25 50 75 100
Cooling Step
0.0001
0.0002
0.0003
0.0004
D12,1   b=0
D12,2   b=0
D12,1   b=18
D12,2   b=18
FIG. 1: Effect of cooling and of the magnetic field on the
D12,1 and D12,2 correlation functions (evaluated for d/a = 8),
defined in Eq. (7). Both correlation functions belong to the
Dtt,t‖ class, defined in Table I.
We stress that the prescription adopted in the present
study is one among other possible definitions of the cor-
relators, which we have chosen consistently with previous
lattice studies of the same quantities. It will be surely in-
teresting, in the future, to investigate in more details the
issue of the dependence of the correlators on the smooth-
ing procedure. Let us sketch the main open issues. First,
one could adopt a different smoothing technique, like the
so-called gradient flow [57]: while cooling and the gradi-
ent flow have been shown to provide equivalent results
for the determination of topological quantities [58, 59],
the situation could be different in the present case. Sec-
ond, the adopted procedure implies that a different num-
ber of cooling steps is taken for different correlators; in
particular, as noted in previous literature on the sub-
ject (see, e.g., Ref. [48]), the number of cooling steps at
which the maximum is reached increases approximately
quadratically with the correlator distance, as expected
for a diffusion process. Therefore the adopted definition,
consistently with previous studies, is one in which the
regulator is scaled proportionally to the explored physi-
cal distance. Of course, one could adopt a different def-
inition, in which the regulator (i.e. the number of cool-
ing steps) is kept fixed: correlators at larger distances,
for which the maximum is broader and resembles an ex-
tended plateau, and which are also the ones most sensi-
tive to non-perturbative effects, do not change dramati-
cally. In the present study, we regard such ambiguities as
a possibile systematic effect, related to the very definition
of the correlator, which is not included in the reported er-
rors. However, we note that large part of this systematics
is expected to cancel when one considers the dependence
of the correlators on the magnetic field, which is the main
issue considered in the present study. For that reason, a
detailed comparison of different smoothing procedures is
left to a forthcoming investigation.
Numerical simulations have been performed on a
244 lattice by means of the Rational Hybrid Monte-
52 4 6 8 10 12 14
d/a
0.9
1
1.1
D
||(d
)/D
||,b
=0
(d)
D||
pp,p/D||
D||
tp,p/D||
D||
tp,t/D||
D||
tt,t/D||
FIG. 2: Effect of the magnetic field on the parallel correla-
tors: the ratio Dclass‖ (d)/D‖(d) is plotted, where D
class
‖ (d) is
measured at |e|B = 1.46 GeV2 and D‖(d) at B = 0 . The
data points are shifted horizontally for the sake of readability.
2 4 6 8 10 12 14
d/a
0.8
0.9
1
1.1
1.2
D
⊥(d
)/D
⊥,
b=
0(d
)
D⊥
pp,t/D⊥
D⊥
tp,p/D⊥
D⊥
tp,t/D⊥
D⊥
tt,p/D⊥
FIG. 3: Effect of the magnetic field on the perpendicular cor-
relators: the ratio Dclass⊥ (d)/D⊥(d) is plotted, where D
class
⊥ (d)
is measured at |e|B = 1.46 GeV2 and D⊥(d) at |e|B = 0. The
data points are shifted horizontally for the sake of readability.
Carlo (RHMC) [60, 61] algorithm implemented on GPU
cards [62], with statistics of O(103) molecular dynamics
(MD) time units for each b (with b ranging from 0 to
27). The bare parameters have been set to β = 5.55
and am = 0.0125, corresponding to a lattice spacing
a ≃ 0.125 fm and to a pseudo-Goldstone pion mass
mpi ≃ 480 MeV [63]. The correlators have been mea-
sured on about 100 configurations for each explored value
of |e|B, chosen once every 20 molecular dynamics trajec-
tories. The effects of autocorrelation in the data were
assessed with a blocking procedure, and appear to be
negligible.
A. Results and analysis
To give an example of the dependence of the corre-
lators on the magnetic field, in Figs. 2 and 3 we plot
a‖(B = 0) a
tt,t
‖
atp,t
‖
atp,p
‖
app,p
‖
0.266(16) 0.279(14) 0.277(9) 0.272(9) 0.275(14)
a⊥(B = 0) a
tt,p
⊥ a
tp,t
⊥ a
tp,p
⊥ a
pp,t
⊥
0.929(16) 0.94(3) 0.873(20) 0.913(23) 0.88(3)
TABLE II: Values for the perturbative coefficients in Eq. (13),
for |e|B = 1.46GeV2. The values of the corresponding param-
eters at B = 0 are also reported for comparison.
results obtained respectively for the parallel and for the
perpendicular classes, as a function of the distance, for
the particular case |e|B = 1.46 GeV2. Correlators are
normalized to the values they take at zero external field.
The huge error bars on the points at d = 3a in Fig. 3 are
due to the fact that, for the perpendicular correlators at
that distance, the flat region surrounding the maximum
is considerably narrower than for the other distances, and
the procedure explained in the previous section to as-
sess the systematic uncertainties takes this into account,
yielding a larger error as one would reasonably expect.
This happens both at |e|B = 0 and at |e|B = 1.46 GeV2,
and the resulting effect in the ratios plotted in Fig. 3 is
even larger.
For each value of |e|B, we have fitted the correlators
with the parametrization (13), including distances in the
range 3 6 d/a 6 8, thus obtaining an estimate for all
parameters. From this first step, it has emerged that the
8 parameters pertaining to the perturbative part of the
correlation functions satisfy, within errors, the following
equalities:
att,t‖ ≃ a
tp,t
‖ ≃ a
tp,p
‖ ≃ a
pp,p
‖ ≡ a‖
att,p⊥ ≃ a
tp,t
⊥ ≃ a
tp,p
⊥ ≃ a
pp,t
⊥ ≡ a⊥ , (19)
as it is possible to see from Table (II); moreover their
dependence on |e|B is negligible. This means that as
far as the perturbative part of (13) is concerned, the pa-
rameters introduced in the |e|B = 0 case are enough to
describe our data.
Driven by this evidence, we have performed a best fit
on all measured correlation functions for b ≤ 18, as-
suming the perturbative parameters a⊥ and a‖ to be
independent of |e|B, but without making any further as-
sumption about the |e|B-dependence of the other param-
eters. From this fit we obtain the satisfactory χ2/ndof =
335/322: therefore the parametrization in Eq. (13) to-
gether with the assumptions in Eq. (19) are assumed in
the following discussion.
In Fig. 4, the inverse of the correlation lengths are
plotted as a function of |e|B. It is not trivial to give an
interpretation of the data: they show a modest decrease
for most of the correlation lengths, which amounts to
about 5 − 10% for the largest values of |e|B. We have
also performed a fit setting the 6 correlation lengths in
Eq. (13) equal, however in this case we have obtained
χ2/ndof = 1237/358, which is not satisfactory. We also
notice that correlation lengths along the direction per-
60 0.5 1 1.5 2
eB [GeV2]
0.9
0.95
1
1.05
1.1
1.15
1.2
µppp/µ(0)
µppt/µ(0)
µptp/µ(0)
µptt/µ(0)
µttp/µ(0)
µttt/µ(0)
FIG. 4: Effect of the magnetic field on the (inverse) cor-
relation lengths defined in parametrization (13): the ratio
µclass(|e|B)/µ(0) is plotted. The value of the (inverse) corre-
lation length for |e|B = 0 is 0.721(3) GeV. The data points
are shifted horizontally for the sake of readability.
pendicular to B (empty symbols in Fig. 4) tend to be
slightly smaller than the corresponding ones along the
parallel direction.
We have also varied the fit range to assess the part of
systematic error in our results which is related to this
choice, exploring the ranges 3 6 d/a 6 7, 4 6 d/a 6 8
and 4 6 d/a 6 9, in addition to 3 6 d/a 6 8. The
estimates of the perturbative parameters a‖ and a⊥ show
a maximum variation around 10%. The estimates of the
correlation lengths have a maximum variation aroud 5%:
however, when the ratios to the corresponding values at
|e|B = 0 are considered (see Fig. 4), the systematic effect
is comparable or smaller in size than the statistical error.
Among the various parameters entering Eq. (13), the
ones showing the most pronounced variation with |e|B
have been the non-perturbative coefficients A0 and A1.
That implies a significant dependence on the magnetic
field of the gluon condensate, which is discussed in detail
in the next section.
B. Gluon condensate
The gluon condensate is defined as
G2 =
g2
4π2
∑
µν,a
〈GaµνG
a
µν〉 (20)
and is related to the correlator in Eq. (1) through an
Operator Product Expansion. It encodes the main effect
of non-perturbative physics to gluon dynamics and its
relevance was first pointed out in Ref. [64]. In the case of
|e|B 6= 0 we can distinguish three contributions, coming
from different sets of plaquettes in the sum in Eq. (20),
in a fashion similar to Eq. (12):
G2 = G
tt
2 +G
tp
2 +G
pp
2 . (21)
For the relation between the gluon-field correlator (1)
and G2 the reader can refer to [48] and references therein;
one obtains G2 from the small distance limit of the non-
perturbative contributions to the correlator, hence in
practice, following the parametrization in Eq. (13), we
obtain:
G2(B) =
1
π2
[
Att0 +A
tt
1 + 4
(
Atp0 +A
tp
1
)
+App0 +A
pp
1
]
.(22)
In Fig. 5 we report the values obtained for G2 as a func-
tion of |e|B, normalized to the value of the condensate ob-
tained for |e|B = 0, where we obtain G2 = 3.56(5) · 10
−2
GeV4, the reported error being just the statistical one.
We have also estimated the systematic error due to the
choice of the fit range, as discussed in the previous sub-
section: the effect on the absolute value of G2 at |e|B = 0
is significant and amounts to 20% of the total value. We
are therefore in rough agreement, taking also into ac-
count the unphysical mass spectrum of our discretiza-
tion, with the phenomenological estimates of the gluon
condensate [65], reporting G2 ≃ 2.4(1.1) ·10
−2 GeV4. In-
stead, when we consider the ratios of condensate to the
|e|B = 0 value, which are reported in Fig. 5, the system-
atic error turns out to be negligible as compared to the
statistical one.
We notice that G2 grows as a function of |e|B, the
increase being of the order of 25% for the largest value
of |e|B explored. In the same figure we also report the
relative increases in the Gtt2 ,G
tp
2 and G
pp
2 terms. We see
that the tt term is the most affected by the magnetic
field, whereas the pp contribution shows a really mod-
est dependence on |e|B. In Fig. 5, the best fit with a
quadratic function
G2(|e|B)
G2(0)
= 1 +K(|e|B)2 (23)
is also plotted. We obtain K = 0.164(7) GeV−4 and
χ2/ndof = 1.52, excluding the point at |e|B = 1.46
GeV2. An increase of the chromomagnetic gluon con-
densate with |e|B has also been found in [22], which is in
qualitative agreement with the result presented here. A
similar behaviour for G2 has been also predicted making
use of QCD sum rules [66].
IV. CONCLUSIONS
In this study we have explored the effects of a mag-
netic background field on the gauge-invariant two-point
correlators of the gauge-field strength. Electromagnetic
fields are coupled directly to quark fields: however, as
for other pure-gauge observables, we did expect and we
have indeed observed a non-trivial effect which can be
interpreted in terms of non-perturbative quark-loop con-
tributions. We have discussed the residual symmetries
of the Lorentz group in the presence of a constant and
uniform magnetic background, and how it affects the gen-
eral structure of the correlators. We have then presented
70 0.5 1 1.5
eB  [GeV2]
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FIG. 5: Effect of the magnetic field on the gluon condensate
G2 obtained from the parametrization (13). The effects on
the three different contributions are plotted along the total
value. The data points are shifted horizontally for the sake of
readability.
the numerical results of an exploratory lattice study per-
formed for Nf = 2 QCD discretized via rooted staggered
fermions.
Our results can be summarized as follows. We have evi-
denced a significant effect of the magnetic field on the cor-
relation functions (see Figs. 2 and 3). The short-distance,
perturbative part of the correlators is practically unaf-
fected by the presence of the magnetic background, while
significant effects are observed for the non-perturbative
part. In particular, one observes a mild effect on the non-
perturbative correlation lengths, with a general tendency
for a decrease of the correlation lengths as a function of
|e|B, which is slightly more visible for correlators in the
directions orthogonal to |e|B.
A larger effect, and a more significant anisotropy, is ob-
served for the coefficients of the non-perturbative terms,
which can be directly related to the gluon condensate
(see Eq. (22)). Due to the explicit Lorentz symmetry
breaking caused by the magnetic field, we can distinguish
among 3 different contributions to the gluon condensate.
An analysis based on Eq. (22) shows that each term has
a different behaviour as a function of the magnetic field
(see Fig. 5). Starting from that, we have observed that
the gluon condensate itself increases as a function of B,
with the increase being of the order of 20% for |e|B ∼ 1
GeV2. Relative differences between the different con-
tributions are of the same order of magnitude, meaning
that anisotropies induced by B are significant and com-
parable to those observed in other pure-gauge quantities
(see, e.g., Ref. [35]). The increase of the gluon conden-
sate provides evidence of the phenomenon known as gluon
catalysis, which had been previously observed based on
the magnetic-field effects on plaquette expectation values
[30, 34, 67]. We notice that the overall effect on the cor-
relators, in particular regarding the changes in the per-
turbative and non-perturbative parts, is similar to what
has been observed in other setups where Lorentz symme-
try is explicitly broken by external parameters, like for
QCD at finite temperature [50].
In the future, we plan to repeat the present exploratory
study by adopting a discretization of QCD at the physical
point, i.e. with quark masses tuned at their phenomeno-
logical values, and by extending the investigation to other
gauge invariant correlation functions, like those involv-
ing quark fields [68]. It will be also interesting to study,
within the Stochastic Vacuum Model, which takes the
correlators as an input, the effect of the magnetic back-
ground field on the static quark-antiquark potential, and
in particular on the string tension, in order to obtain an
indirect confirmation of the anisotropy of the potential
which has been already observed by direct lattice mea-
surements [35]. Finally, as we have already observed in
Section III, in this work we have limited ourselves to the
smoothing technique (cooling) adopted in previous lat-
tice studies for the measure of the correlators, but one
could also adopt the so-called gradient flow [57] as a reg-
ulator, and consider a different prescription for fixing the
amount of smoothing: we postpone a careful comparison
of different smoothing procedures for these particular ob-
servables to a forthcoming investigation.
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